
MS Asymptotics For Stochastic Processes

Collection of results on
Stock

. Processes :

elementary definitions;
important asymptote



Elementary definitions
>The goal of this Memory Street is to compiler numberof asymptote results, deinto the standard versions of LLN& CLT Tor iid -segnences of random variables,
for stochastic processes ( in this cases seqnmiesofr.us) of in principle arbifraq
dependance Structure .

>The way to do this here is as follows: mehr muster for theory les .

• Define important Concepts jyo rowdy heavy assumption & heavy
• Reap Moder of convergence of stohas-icgequen.es/d!!!!

" """""""

• Asymptote theory for Markov Processes i
Weak results i useful wo>Hy for• Asymptote theory for general Processesc- ¥!!!!!!!!!LEY

""

>Let's go over some definitions; Knowledge prerequisites :
• MBMT Tor 5-fields , Measures ,etc .
• MBIZ for Lebesgue - integration
• MSCE for conditionat expeditions

DEF1.1 (Stoch . process, filtration ) . Let (R ,
A

,
IP) be ap-space and Ut Tbe some index set . A stocherst-ie process (✗+Hey is a family of randomvariables

,
YTET : ¥ : (R ,A)→ IIRD

,
BIIRI)) .

If T is a totally ordered set , we mag define the sequence of T-fields (Ft )",nich ltszt
, Es ? Et and F, EA Yt ; we can (5)ten a Titration on

(R ,
A
, IP) . ✗from now on , why concentrüh on d--1

If we have GHz ) = Xj
"

(BVR)) C- Ft FtET
,
we will (Xt)+c.+ adapkd

to (5-e)TET .

T

Often
, given a process Ht)+c-% on H , it , P) , we olefine

Fttn
, ttm

: = 5 ( {✗t+ihm>;> n ) E- 5 (V.In Xt ( KR))) , the smatbst G-Alg . s.th.V-ic-H.in}
,
Xtt ; is measurabk irrt it )

for t c- 7- , NEIN V {-A} , in c- {KEIN : kzn}V {to}
,

and the Canonical filtration

5-+ : = T ( IXt-i} izo) = JIU izo Ft-i.t ) .

Remakes :
• Usualty , and always in our Context here , T = 7- .

• (5)+ET is meant to Capture the How of information; Informatik , it
models what sort of events maybe observed / known at any point
tET ; wlog ,

we way at it := o (Utez Et) = o ( {✗+}+EI ) HrTEE
• For notationat convenience , we unite LM) in reiferenie to E.= POXE

'

;
analogonSly for [ ( HsbEsst )

From now on
, fix TEE , and some (h , A, IP) . (While not important

here
,
we usuntly choose (R, A) = HRK

,
BIR):* ) . )

products-Geld .



> A core concept for stochastic processes is that of stationanjty (or roughlythe distribution always Staging in the some place)
DIP 1.2 ( Stationaity) . Let Ht) be a process . We all Ht ) strictlyStation
ary if

V-tEKY-M.SI 1 , [ ( Xt , . . . , Xtts ) = [ (Xttm ,
. . . . Xttmts) .

We can Ht) Weekly stationury (or "covarianiesktionan.ir/ifX+EL4P)V-tandifV-tEKV-HEINO
,

ElXt) = E- (K ) ( first 2nd moments existent a.: time - invariant){E- (✗+Xt - u) = EH✗n- n) .
Generally , weahstnt.ynwerimplicsstnitstnt.yandstr.st.yimph.es w. Stat,
i If Ht) c- 24 IP) (Shorthand Nr ✗+ EZZHP) ftEK) .

> Stationarity is usuatlyrequired when handling with stock . procs woher
often einplayed , but even more um intuitive Concept is that of ergodicity;
roughly ,

an ergodie process is such that along I it as . tmve Is though
its entir range- it never gets stack on a particular sahnt , once it has enterdsuch a set. I" restricting the Memory of the process

")

DEF 1.3 ( Shift- invariante ; Ergodiiity ) . Let Ht) be a process on (s, A, IP) . We
olefine the shift -operator for * ,

c-×
: h→R : w ↳THW) s.ph . ✗+Htw) = Xttn (w) Ytc-K .

lconcisdy: T sth . Yt ✗+ °E-✗++, ; c-✗ Shift w backWards s.tt . ✗+ at Ftw) give
the value of ✗++a at original w; most early men For

'wurd '
way of defimiy

Stoch
. proc. s : (h,

Al = HRK
, BURKI with A : Lünen! iii.¥

..

)

We delfine Hetfield of shift - invariant events for Ht) ,
4-
×
:= IAEA : T (A) = A }

.

Icon show this is on- field, mon urefutdescr. below . )

We say 1×+1 is ergodie Im IRA ,
P)) if

Ii) 7-✗ is IP- trivial, that is HAE 7-✗ , IP (A) C- {0 , 1} . leiter A always oaurs or it never and

Iii) Tx is Measure - prcserviny , i.e. HAEH , IP (T - ^ (A) /= PIA) .
←some transf. R→n

Remak 1 : For K measp. & injeuhi: and Ym .
ahh

,
the process % /w) = Kw),

here weil injeutivity ! K
-'should be Single- vahud

✗tlw) : ✗
☐ Ist lw) ) ,V-tc-E.is strictly stationarg ,- comedy way smithW

namely c-× & injectire"IEEE
Stationmy process has a Measure-pfand can be mitten as H) .



⇒ ErgodiCity impuls Shirtstat.y , if Ty is injech.ve/
this is

. es . . the one for the
'canonical process !

(R,
A , P) = ( IDF, BURT

"
, P), Tx : R-D : (G)NEE>(Wkn)

"

Remake : Intuition of Shift - invasion,.ee & ergochiify .
"""""""" Inez

.

iinuatibu !

• Shift - invariante can be 'decoded
' into a more intuitive statement . First

obserue

AEI ¥5 T - ^ (A)= A ¥5 {WER : tlw) c- A} = A ⇐ (WEA⇐Tlw) c- A)

⇒ T /A) C- A ⇒ tu EIN c-
" (A)EA (by intuition )

(but not " Z
"

since Could -3W ' EA : T -Yw') = 0)

• Heule we See : WE A for AEI implies InEIN c-" (w)EA .

• This if AEI
,
we have FuEIN : YWEA

,

✗nlw) = ✗n- ^ (tlw)) = . . .

= Xolt " (w ) )E Xo (A ) : = { Xolw) /WEA }
since I" (w) EA .

⇒ If K) is evaluated at a WE A
,
the wahres ✗+ (w) never Leave the

Set ✗☐ (A ) !
This is what we want to privat under ergodiity : either such sets A neuer
occur

,
or they alrendy capture the note set of values that trnjedvrie

(✗tlw) )+ c-„ can pan through . Either way , it cannot happen that two
drawn trajeltor in IXHW) ) , 1×+1w

' ) ) evolve in sets comptehly separate
from each other .

> It can be down that a strictly stationary & ergodie process satisfies a law
of large numbers :

FEE, # EIN
.

Cf . WTI , Satz 11.4 .

Often , such a LLN- property is made the definition of egodicity .
> there are alternative definitions for erjodicity ; a populaer , stronger than the
above

, option is this sufficiont condition :

& injed:
Source : Davidson

, p. 2011221 in PDF)
andonly if;

ie . 4- (w ) = Kotzt w )

"

Average asymptote independence
"

THM 1.4 (Measurabk Mappings) . het Ht) be a Strictly stationary ( resp. eyodic)
process , and Ut g : HR , BIRD - IR . BIRD be measurabk . Then

,
(yHtl)+ is

strictly stationan, l resp. ergodie) .



>Intuitivdy , ergodiuityrquics that our sequence will - in any rcahzation who
a nyligiblesct - ahways Upton the Whole possible sample space ; corwenely,
for a nonegodic process , there one Starling values whose richtig is never left,with probability one
(Ergodiuity , as we saw, Maybe rfornmlnkd as '

average asymptoteindependence'

>An even stronger motion than egodiüty is Mixing :

Intuitivekg, Mixing requirs that Sequence elements in Ht) becomeindependent of each other as they become father apart
(For most nüxiy concepts euployed , ergodiüty follows from Mixing(For the Cases when it doesn't the cnlprit is usnally that the shift
is not meante- p nervig )
( Ergodicity does not imply mixing , since it doesn't roh out that a
sequence is perfectly pnedichbk from one point onwards lnhich charly
parents my . independence !) ; (f . Example 13.15 on p. 2021222inPDF) in
Davidson

>There are many different concepts for mixing and My way drittereven in the mathematical object to chick the definitions apphy !
Here is a Kon - comprehensive) summary

:

DEF 1.5 (Mixing) . Let II. it , P) be a p-space , Ht)+⇐ a process on it,
Fx its shift -Operator , (5-t.cz the Canonical filtration gehenihd by (Xt) , suppoze
A=514oz F) and delfine
F- : = Stenz Ft

,
+ •

= M F-
✗+

(E container the events that are past of infinity mary
+⇐% (

= g( 4.⇒ ✗+ ( Bap))
× ($"") cf . Tait -6- Ab. in WM -script )

as the remote G-fidd , or tail - r- algebra .
Then

,
Ht ) is called

Ii) (Shift ) mixing if Tx is measure -presorriy , injectire and
YA

,
BEA

, Kühn PlixkiA) nB) = PIA) . PIB) ,
Iii) regulaer 1-mixing) if E is P- trivial

,
ie . HAE F , PIA) c- {0,13; equivihntty,

YBEA
, Sup IPIANB)- PIAIPIB) /→ O ast→ -a
A c-Et

( informelly : remote events are independent of events in A)
c-uniform mixiy

"

liül } -mixing Vor } c- {ÄÄÖÖÖ
"
"

with me -9<0 if

3m = Olm
-o-E) iüäüü

"Einöd ur
measure of } m : = supi£2} (Eat , 5-++m.rs) with Ifor G. it EA 5-af .s )
dependance
btw" G" (Git) := supgc.gg, ** IPIG Mt)

- PIG)MHH
,

(Git) := so:p, £ . .!
PING) - PH) |



Remakes :
or we go over from I to No

• I.✗ C- F- proride.dk/isinjeutive/AHshift-invarianterenbaneremoh)
• ryder - mixing und txinjechvekmeasm-puserviyinplieseyodiu.ly ( by IEEE
and E B- trivial)

• lt Git
,
dGit)< $17,# so ¢ -mixig ⇒ a-mixig⇒ regulaer-mixing

THM 1.6 (Mixing and measnrabk Mapping) . For y : RT
"
→ IR meamrable

,
and

(Xt) being 3-mixing (3 c- {a, 03 ) of seize -4<0 , Yt : = g Ht , .. ., Xz-c-) is also.

Remarh : The theorem does my hold for c- = +so !



Mixingde , Mixing (A, , ß ),
Thun 14.1 Davidson ( m .wbk trau sfs preserve
✗to -mixing,
Relation EiyodiütydMixing ?

inZP

Not : Mixing process/is also an Li- mixingde
Outline :

• Mixing
( intuition : asy . independence
( Filtration

,
tail -r- A , Kolmogorow 0-1

( regulaerily -mixing: DIE! , F) → o ast→ →
(
r-mixing & sca-t.ysequ.is egodic

( x- , $- mixing coerf- s for Git C- 5-

( ✗ - , $- mixing processes
L ⇒ ryuluity ? Yes , Imi-h for X-mixiy
(
Mixing unter milde mappings
( Word of canton : nrixiy mag net survive infinite filkrig !

( Mixinginequ.si
Mixingdes

Davidson : Ch . s 13914



2. Modes of convergence for stochasticsequences
> Let's explorer the different motions of convergence for random variables;
the Standard reformce for this is WM-script , seit. I. 5+7

> Amore condensed exposition of the Central concepts is in £703, I. 1 ; this
we simplyrecap here :





>Almost direct-Ly Tied to there nöhons are several
'

classic
'

limit theorems for
bequemes of random variables that

, unfortunatdy for stochastik processes, are
offen requird to be independent :



>There results are useful asa benchmark , Gut in seinenby limited scope forStockvs Hc processes ; the next action covers limit results ztplicilly for
Machu processes

4.liniitresultsforMarhov-Proc.es/ThissectToristahen
from RecMeth , II. 5+6 . )

( seit
.
II. 5 claifies what Markov-Processes are & some of their basic propatin( seit. I.G builder on this & presents important limit results forMarkov-Processes

Bes ichs giving LLNS , II.b is achrnlly mainly concerned with Character
'

zig
LIXT ) Irrt→• ; this is verehrt in itself for taler since mostprocesses with
which we will work can be represented as Martin processes !



procons for Ognerne Progcoumunin I l Defiuhions &
>MP.3

hans. Anet. & Muhon Operteks ) and

show
finally

(a) be
HA

We have hat Thel, Q" (2,A E lQ(e,A)0(2, d22 is a trans. pue-thin

and P The an show the plowy popeties

Thin Is.h I( Preperhes

we com Say

not quite .
-

TFu is the dishib
,

over (ZZ) that
is induced when a
iv. following V is

subjekt to the
Markov-
transition
1-*



we can ob fain hans

iredremar: wonb & Mine propuha com be Shown

1) Shew It holds "for an lindhentor Fandid

3) win 2) and IA isclonl cule,oomi. sequ. of chum, puthi
holds

> If we cam

proper his

Th: N(2) -2 N(2)

nads fo have lone

whis will actual

a

1. She
hunchin

we could nia

N-shou and hence

R (xe MB MT, 54-2.3

all TEN define the XF

and hinte



3. Step

his

meanur spate Where p

maps

(hest ore

Delk Prep 1.5.2

A Mitur prowen is a shochashi precen

Lyn, abb space

Shunt-handl
It the probubitihee in
lis "tie home terrow

Can the

acfrally sunlitin more Involved prov hecded, pee SUPCLE3

we have

Q (e. dea)



we want to shon Mut Fbuildin or The shoeshi

we

woll direcky

care

heve

procon,

p-space and let Weltzo be a
Stochasht procen
lic. Slat space

recursively by

4262, HA6 7

See broo

And by

Proof

022
probis ove th

by owls -montuble, T maps to Row
be

inverse and 2 sethon



Will Wre Me Rechrigul on

Define
M&MT, 50,2.4)

we now

(-) R genumtus 20 W

0-system

by MCL (MBMT SO.2.4),

Frauntion Fnnchon. We can Confmir



6. Markov

of Marhoy procemes
Convergence

Rd. MBMT, MBLZ, MSCE, WT1> 43,5-970.0. 1.5 before Wus
> As wil Swath analysis in arnunishe

by

Se viewed
S0R problim can

we have

out not prove them) to ser whid

Shale spade

space

Dyn Mo- Suript , ethio I.

ho be e sha
Space th a SOP -kh'm Cha L.l beginning), out not. Mut

and

The comical

short:

sHI W ses If for PY (E,E)=1 Fnei we
call

Eli called invaiant : We eul

w sef thatis left & never rehired fo



bounded,

m (3,3)

and the Converime is uniform ovel

It can be shown thee on I(SIS,

Ales

nume Space
will

the norm
liter) and dry induces

(and 13 induced

Z(S.S)-R AM H Sup 2h Ip(Aw)I
1 Anse Part (5,5)

a nonned space.

one sommhnus not really

Ass 1L.5.4 (Ascmmphonb on Mar hov procemes hi convergence)
finie incarnes on ($.3)

NE IN g>o:

largit appebranch y Cond Mis riod always Shshed: imagine



P(S A)- PIS,49)=10.5
(his condition will be neeled to astudinl thot TAN
& contathen on (P(S $) dry ))

(A3) P has The Filled enpets
What's

Map's G(s) into C.(s),

Compact

(A4) P is monotone (4)

(45) D has

guannties imiquien & egedie ver)

Find here now Te compiled li of remus

(2,N, E); Then we
Ass I. 6.1 (A1) (Daellin's condihol) Ar are

(a) S can 56 parhi hond into a tranhent wt

lic. aweraige proldalhico converse strongGy ho fom inv.

and Eveny
A T* com

to ineducibi lily, seuDynMo, T.t, D4.t); Thin:

l



Thm 1.6.4 (T* as contrachion; Shons cony. 4 Mensuns)
1.11+T4112, 2 483 SLP

some NEM, E20; then

is a

The converse

flu's quite mice rout: we have

Thw 1.65 (Existence of inv. m. meer weaker Cond thion)

Assume

Thm 1.6.6 (Ex.&

Assume Ass. TT.6.4, (A3), (A4) I(A5) (P has Feller is mondione and
hold Then:

and

Graphically (only shebd !)
be interpreted a ha Long

Thi T.6.1 Low & luge numbers for (Seleril)
Fat 7, p224 SLP

Ass ume Ass T.6.1 [A3) (Fdir) holis and Twt invanat s.h.
(A4) + (As) wald add. s. Hnut

TI.S.6 holds ;
Then

d.S.

"

Compact and

"

Compact and



Or Cf. E806—Exam 2018, Problem 3

Source : Hamilton,5. Limit results for general processes "7
> The first mutt we already ernannte red in action 1 :

THM 5.0 ( Ergodie theorem) . Consi der Ht) Strictly stationany and erfocht
in Ti (IP)

.

Then
,

EEE, # EH]
.

Perf : Cf . WTI , Satz 11.4 .
or Klemke "

Probability theory " , Ch 20.
> This theorem is usiful in con junction with THM 1.4 : measurabktransformatorspreserve smit stationaritg & eiyodiüty
> The next reswlt is very ureful , since it is very general .
THM 5.1 KLN for weaklystahonary processes) . Let Hd+# be weahly Stationen,
and olefine
ElXt) = µ ,

☒Ikt -µ) ( Xt-j -µ)]= Jj .
Prorided we have Ejzolfj / < +qitis-actu.lk , 1)

→ 0 surft . !

f-[+In ✗t
±
µ ( and Avarl F-2. ✗+ ) : = hin ,-→ • Var (TT72.* ) =

jez
% )

Proof . We can show the result by verifyiy that
ENHit -MP ) → O as 1-→ • .

To this end
, compute

€11744 -MP } = EHEE-Ht -µ) )) = % FLÜGE -µ)Kit -µ)]
f- 1 : to that

. . .

+ F-^
t =L : Ja + Jo +K t . . . + JT-2= [EIJI,€/ (Xt-µ ) - -µ)] = [E-£ 1 Vt -j + =} : an +roten + . . .

+ F-}

(
= t - It -j ) t : Ant . . .

+ Jo

= ¥ (T. Tot 2[j.IT IT-i)J;) .
using only It; /→o :(

note : t.n-itnv-t.HN#r1?-Ex+)zI;-+?--Ej-T-nlJj / → 0 µ >NEEEE.

Urig d;
→ 0 ⇒ f-GE, a; → o

TE : E-[tat/ < 74%14
Now Observer: + ⇒Erik ⇐ E- :#miauti-t-I.E.ie/zE.-!z.-
T.IE/lF4.K--MIY--Jot2E-iT-f-tf.E2Zjzoltfl < + a by pnuise.

YTEIN .

In

Henie
,
€11744 -µ )) = QT) and the claimfoltows .

Note : See Hamilton
, p. 71101 in PDF) for expliüt limit T.IE/I7E.Xtyu)Y-Ee8j .



> Since Matty we operator with coraüance-stationary processes , this UN is Mosley
sufficient for our purposts ; it is good to note , though , that there Mist UNS
even when we take auway weak Stationarity

DEF&THM 5.2 (L
"
-Mixingdes& UN) . Conseiller a process Ht)c- LYP) with

Ekt)⇒ Yt and a filtration 1)+ to which Ht) is adaptiert . We Cult Ht) am
Ti - Mixingde if 3- (4)⇒n, Bm)mzo E IR

'Nantua
. . ,
with 3m→ 0 s.th.tt?1,M70 :

( Intuitively: the forecasts of ¥ usiy info in t -m€ / E-(✗+1 5-+-m) /Ect }m . (→ O as m→ D) Converge to 0, the umcondit. expert. , in Ti as in→ s;
e.g. a

Stable ARIP) Started at the nonegodic distrib.
,
but with

Now if zerr wem is anti- Mixingab)

(a) Ht)#No is wuiformly int .abk ( Hfg syfw.IE#-dtl-9Htlzo3--o )
and Tp7.7 in Hamilton
(b) 71GHz , for the above s.tt . Um F-[E. a- < + a

To

Then f-E-→✗+↳ 0
.
f-EK )

Reinach : For Xt = Ejzo4.Et -j , /Et) iid in Lr IP) , r >2 , Ejzo /Y. / <+ ° , we can(
for H; ) abs . suwnabk & Kz) w. statt. , this series Mists as 22- limit , cf . MS: ARMA.

Show that YKE /No , the process ktxt-u-EIK-xt.nl ) sati-sf.es the above Conditions
and Mus

F-E- ✗+Xz-u ↳ E- (✗+Xt - n ) .

(f . Hamilton
, p. 1921104 in PDF) .

>As usuul
,
LLN- s are only one part of asymptote analysis- the other put me

CLTS ; again , there is quite a humber of CLT s for Hoch . processes , here we
Cover just a few that are quite usiful .

THM 5.3 KLT for MDS ) . (et Ht) be a marfiyah diHercule sequence wrt
some (Et ) . Suppose that

In particular, (F) adapt.to Ki) : olXt-s , s>DEE tt

(a) (Xt)EZTIP)
,
for some T>2 , and £823 - chz-si.it

(b) f-E- EHE)→0230 for some of and

k) 7-4×+2%5?

Then
,
F- . 72--7 ✗+ IN /0,54 .

Proof : White 11984) :
"

Asymptote theory for Econometricaus .
"

, p . 130 .

Ranaik : this reswlt general izes to a vector-ualned 1¥) MDS [ by shout that
VIT ¥) sahtfies (a) - (c) above , given Vector equivalents to la) - Ic) for Et) , and
using the Cramer -Wold -device (m above

,
seit

. 2)
.

T

☒*!
.

T FEE. It
&
> NIQ

,
~

)
,
~

:= II.
•
F-
⇐n



THM 5.4 (CLT for iid- driven MAIN ) . Let (4) iid c- TTIP) and Letty. / ER""
Seth . [jzo 14; / <+✗ , and define YTE 7- ,

✗t = IY
,

+Zjzorlj Et-j . (⇒ (Xt) is W. Statt .
,
can apphy THM 5. 1)

Then
,
TT ( IEA -µ ) NIO,Zjeztj ) when tj Tj = E- (✗txt .;) .

Proof : Anderson 11971) :
"The Statistical Analysis of Time series .

"

p . 429 .

THM5.5 ( Gordini 's (LT Tor Str . stationary& ergodie processes) . Consicher a process
Ht )
#
that is Strictly stationary and ergo

die
,
and suppose it Satis fies

(a) Ht) EZZIIP)

ö H Et -; /Xt ) : = E- ( Xt Ht -nlnz;) 22 > O as j→ a

tforecasb disappear in L' as horizon incream.)

jÄE (c) jzo
Art

,illzz + • YTEZ
,
where rt

,j
:= (Et-; - Et -;- a)Hr)

(2) convcgent(⇒ *' jzo F.j
= jzcfttjx, -☒+, . , ×, ) =/¥!

""rrantementof

sein .

)

lforecust updates are I- summabk . )

Then
,
we have :

(i) E-✗
+
= 0

H)
h.cz In

to for K :-- EIKE
-n)

Hit TF E.Xt d) JVIO, „⇐

⇐ """" °

Reinach : using (rainer -Wold- device, itdircky follow that we get comespondig
(LT for Vector -valned process ( It) ; (a) - (c) von real :

(a) (Et ) C- ZZIP) (Ä V-tfth.tl#-lF)" < +a)
,

\Euch norm
,
VIII.= #TI )"

(b) Et-g.¥ -7 Q for )
-

→x Ht c- 3-
,

② jzo // It; Nzz + •
,

then T.FI E-d-NIE , Inez En ) , Eu - E- II. En ) .

THM 5.6 KLT Composition) . (cf. BrochwettdDavis Prop . 6.3.9 , pp. 221 in PDF)
For NEIN

,
(Int)n.tt/N , I random Vector

,

Ii) Int -7% In tn EIN

④ In #
•
I

""" Y:L EY! Pll# ¥ , / > E)
⇒
a)⇒ ¥ -1% ±

.


