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lrd . MS Asymptoics for stock. processes first)O Introduction
> An ARMAIP , g) - process ( "AutoRegressive Moving Average

" ) is a Stochastik process
that satisfies a law of Motion ( IOM) of the form

f- = Ct 0h Xt- s t . . . top Xt-p t Et t On Et- n + . . - t QqEt -q
>Such processes lalthoyh there is an (impotent !) distinction btwn Lott and process, we
will use the Label

"

ARMA -process
"
to ufer bok to the ↳M and to the adel procan

that schien it ; for convenience -more beton) are the generaliZator of AR &MA -
processes and quite general ; Rey nppear everywhere in theoretical modelling , buttheir popwlmity in empirieat work is mainly ohne to 2 reasons
a) they're fairy easy bestimmte
b) any couarianle -stationany process can be represented as MAIg) Iq c- Nov{to})
and Hms lprovidedsmbility.su betont estinmhd as AR !

>ARMA -processes are tmutabk& versatile !

Elementary definitions
> Let's begin with some elementary definitions .
DEF 1.1 I Variants of white Wise) . Connichi a process Ht) . We catt Ht). . .

. . . white moise
,
~ WNI0,04

,
if Htlc- 24N with E# =0, EIK?=P,

F-✗+Xt-h =0 th c-KISO}

. . . Strong / independent White Wise , if Ht)~www.r) n Hit lt

. . .
iid White moise

,
if (Xt) ~ WNIQTY n 21kt) )= RT

°

. . . Gangs im wkihuoise
,
if (Xt) ~ WNIO,ö) n ✗

+
~NIO,8) Yt

(note : since this doesn't imply that HA me joints Gaussian , this does not yield
independence of IK) ! !)

. . . Kann im strong white moise , if Ht)~MOM) ?

> White moise is the basic buildings block of ARMA-processes as we will shorty
zu; before , ne inhochue an instrument of in valuable practicabitity in ARMA -

analysis (& beyond) : the Lng operator

Thek-operat-i-EFixlh.it
,
P)

.

Reset of stocherst:c processes on µ,A , P), 2) with point
-



wie multiplikation by real sodas and point-wie addition of processes
Iraneinher : there on mapping Rik → IR ! ) constitühs a real vector space .
[This isn't important in itself but nice to know]
On this Vector space , consider the Mapping
D- : (Xt) ↳ (KH ) = (Xt - n ) .

This mapping we all
"

lag operator
"
.
We defiue several proparties of this

now operator :

Ii) inverse / negative power : : ✗
+
↳ ✗

++, ldependiy on Content, we Sometimes rathen
define ☒1- = E-HtmlFt) when (Xt )
is adapted to Ht) )

Iii) Stalking /powers : K
"
✗
+
: = KIEL ✗+ = ✗+-n}

⇒ Kiki = Ei
Yi ,j c-DIE"

Xt : = Xt ⇒ 11-04=-4

Ian K- identity Mists )
Iiii) dishibutivity : + Ki) 4- : = Xt -i + ✗+-j

or
" filters "

(✗+ + y) : = Xt - ^ + Yt - 1
. (

From there proparties , it can be established that the get of lag-operator-
polyuomials ,

{Ei? ☐
Ci Ki | NE/No , G-ER Fi}

is well -defined ; and when endowed with the Operation of multiplikation .. .
• : (E di

, [% b; Ki ) ↳ [¥0
"
'
C
;

I.e. the set is an IR- vector - space endoned

Vector
, namely the just - definedwith a. =

"aibi-iv-ic-sa.n.n.vn#ni!!!!!!!!!!!!!..1.e. there Mist an Isomorphismen (bijective

. . . it Jams an algebra over IR that is isomorphie to the alg)¢ -

this isomorphen mapspolynomals over R .

[ii. cilü ↳ E-ocizi

↳only Speaking , any operation applied to some by -polynormal HK)
⇒ii.ciki

,
can equivalentty Iie . yieldiy the some Kult , in teams of coeA.int/

be applied to E-Eo G- zi , the correspondiyc-lpohynom.int;
The reason this is so important is : any Etc polyamid can be
written in facto rized form (Fundamental theorem of algebra !)

more beton in solution -sect
.⇒ For any lag -polyamid, f- n

PIK) = [F-o Cilli = IT, (1-djk)
" Lene Mj '} one the roots of

¢→¢ : 2-↳ E-ocizi with multiples M;



It is for this reason that we pose the question of inuertibility of
PIK) only for n= 1 .

Now
, given Hk) = In-ek)

,
how can we find it 's inverse, ie . find a It-pdyn .

7111-1-1 s.tk .

71K)71K)
- ^
= ?

To answer this
,
we concontrate on the subspace of weekly stationarg

processes . Oy this SubSpace we Many show : /
in the I- sense

(a) PEI- 1,1) : (1-PKT' = 2, Pitti &
"

(K) ↳ 1k¥, Eioeiki* ))
Proof : We first show that Hsk)" defined as such actualty Mists Iie. the

Series Concierge in an appropr. sense) .
To this end, recall that we

upply this only to w. Start. processes . Thies
, for Ht) ELZIP) we want

to show that

Kings ☐ Ö¥ -i exists as the 22 - limit of Ki! ÄX-i )n .

We can show this by the Cauchy - criterion .

Fix t.cz and olefine

Yu : = 2- Io li Xt-i
,
and conseiller Form>n ,

E- Hyun -gut]" = E-µ fixt-i -[% eixt :P]"

= ¢-112iii.+sei Xz.it/ "=

⇐ Ein+ n Mi £11 ✗t.it]%
↳- imgur.forll.NL#E1)✗+11pct✗ by Ht) w. Statt
< ✗☒ je

bylekt
→ O as u→ no by Cauchy -criterion for Series .

Home ( Yu) is Candy in 22 ,
kenn 3-YEZYP) : In-7 y m n→× .

Thus ⑤zopiki) ✗+ actually oxisb for Ht) sklionary . Now we maybe
that for an L2-corwergent series , euery rearrangement convages Irish

by rearrange-the limit unaltered) to show for Ht ) stationary : freut :
(1-111) . (Ei>opi Ki ) ✗+ = Xt - fXt-n text-s -FXt-2+14--2 -. . . ÷ Xt
that is : In -ek ) . Hi>ofilti ) = Hi .

(b) fett ,) : In-pk )
"
= - HK)

- "
Ii>op

- iEi / again : linz E-= . . . )

Prüf : wery step up to the rewrangementisideuh.TN to the above .
Home just

Compute,



11-111-111 t HK)
- "
t HK)

-2
+

. . .) = A-Pkt#
"
- 1/+611-1-2-#

'

+4kt
}
+

. . .

= -PK
.

> Notice that (a) & A) autuallycorrupond to backward- & Torwart - iteration
rcspectively !

Also
, eenployiy then definitions , we will always obtain a Stationany process

by invwtiy In - ek) : Sometimes We're intenskd in explosive processes , though;
we will however see in the next Kition that we can some expl. ↳M for
the explosive solution by duosiy appropriation pan - through - conditions Khun
choorig the coeffs of the honig . solution app i.y)

> Now let's revisit K- pol . s of higherorder; how to innert 7111-1=-2
,

G.Ki ?

THM 1.2 Kay- polynomial inversion ) . Corridor rome lag pdynonrial
7111-1=-2 Cilli .

If no root of ¢-4 : 2-→Az) is one , 71K) has an inverse and it hdds that

✗ (K)
-^
= Tj! (1-djk)

- "i

with 11 -djk)
- ^

defined as in (a) ✓ (b) dependiy on Whittier Hitz 1 .

In particular, if Hit<1 Hi, this inverse take the from of a power series in K :

Hi
,
Hit < 1 ⇒ HK)

"
= [

⇒Miki ,
the coeffs Mi can be Journal by which that AHHHH)-1=1 indexes the reunion

Volo = 1
,
NoGt (¥ = 0 , Holz + 44 +% Co = 0 , . . - , [F-µ; (n-j ,§!#+in-i

, . .
. ,| ZEH;+ucn-i , . . .

which can be solvedrecursivdy . Notice in particular that if Idikt Hi we have
that the coeff . s of PAH

"
one absolutely mmmarke :

[
izo Mit < + so .

Profisketch) :The first chain is inmediale from the fait that HK) mag be

factorized, and that for each factor an inverse Mists [Just mile HK)
in factorized form and apply U-di k)

"
one at a time . ]

For the rnf of the proof anum Hit <1 Hi . The chaim

71K)- ^ = E-⇒Niki fellows again from the fait that k-pdynomiah be have like

¢→¢- pdynomids and the fait that the product of two E-→ E power series is

again a power series (on the interaction of the Convergence radii . ] The reunion mag
be lstablished Using that a.E-* bi = E.ab; , Ei>☐ai + Ei>obi = Eis.Mitbi ) for convergeht
berief . %deyprodu-1.IE?00iI.R.D
Finchley ,

cousinder the Kries Ii>o Mit . By induktion and since [iziti -1T; Kuli ")



itsufices to show that Ei>old; /Ltb for E. tot =live.si?oVilwheredi:--2ui=oXnßi-h
(
Cauchy - product !

'
if we have [izo Hit ,[izolß; / (+✗ .

This maybe down as follows : for any NEIN,
[ii.old;) = [i-IKii-odufi.nl c- SERIE , Kull ß ;-ul .

↳- iney.Heute
,

/**)

hin!• 2% Nil < lief [i-IEE-okul.IM-ul (Eo Kit ) . Hi>olli 1)<to

when equ. (*) follow) from the definition of the Cauchy -product applied to
the Series Klei ) and KIMI)

,
which Wish ( henie (** ) .

That the Cauchy -product
Mists maybe verified in Rudin

, p .
72-75

.

ZAR
,
MA

,
ARMA -equations & - processes

DEF 2.1 (AR , MA , ARMA) . Let (G)+* ~ UNION) . We all the following
equations . . .

• ARLP) - Lott : Xt = Ct f. Xt - s t . . .to/pK--ptEt
⇒ (K)✗+ = ct Et

,
with 0/111-1=1- AK - . . . - top KP

- MA (g) - LOM : Xz = Ct a- + E. Et-nt . . . +0g Et-y

⇒ ✗
[
= Ct 0-111-14 ,

with ① IK) = 1+0^11-+ . . .+0g K"

• ARMAIP, g) - LOM : ✗
[
= Ct f.✗+→ + . . .to/pXe-ptEttQEt-nt...t0-qEt-q

⇒ (1)✗+ = c t 0-111-14 .

We cotta process Ht) an AR Ip)- process ( resp . MAK) , ARMA Ip. q ) ) or a Solution
to ARtp) Insp . . . . ) if it satisfies the Lou .

Converse4 , given any process Ht) , we can any Lott that is satisfied by Ht)
[one process can satisfy Multiple dimmt toll ! More toter] a

'

representation of At)
'

.

> It is north uotiüiy that any process solisfyiy a MAH)- Lott is already in
Solution - form , that is

,
it is represented in a non- recum.ve mahner :

'

Solution to ARMA Ip, q) - Lott
'Ä non - recursive representation of a process that

↳özo sahirsfies the given 20M .

> It is important to heep in mind the conceptnot difference btwn process Isolation
and Lott - especialy since we / the Kurator frcquentuy Kfor to Ithe
process

'

by writiy the Lott [ usuwlly ,
the refennnce is then to the stationany

solution of the ARMA - LoM

>the next for pages clarity how we can obtain a solution/de
- reuursify
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> We see : the Solution to an ARMA Ip,q ) - Lott take the Jones
✗+ = 44)

- '
c t HK)

- '

01k) Et t [E. HYE! ci.it)dit
- -
Canonical particular Solution homogeneons Solution,
(always exists in ZYP) , by THM 1.212 parametrisch by {lij }

and , since 0111-5^0111-1 is measurubk mapping , proportion like Weak/ Shirt skt. y

jf (K) is Stable
"

& eyodiüty an inheihd vom KH for this krm .

(a) all roots of E→ ¢ : 2-↳Hz) are outside the unit circle ⇒ Idikt
Hi
, we

have that IKT
'
is a power series in K

(b) Ci
, ; =D Hi,j < see above for interpretation ( Sicknote "

I."
"
= 0

")

we have that

✗
+
= $11)-" C + Eizo Ni Et - ; ; for 9=0, IN;) given as in THM 1.2 :

q =, ⇒ Yolo
= 1
,
V4 + (¥ = 0 , Holz + ^^ +424=0 , . . - , [j-otf.cn-j , [EM;+in-j

, . .
. ,

II.☐ ✗jtucn-i , . . .

in which can we refer to Ht) as an MA to) -process .
We will show momentan-by that such an MA/b) is weahly stationany .

Lfdlows ulready from IN
- ^

011L) bei.gr meuternde mappiy , but will show it exphiiths

Henie : for Olk ) stable
,
the unique stationany solution to ARMA Ira) is given as

an MA (a) .

> From time to time the question also arias whether we can Minh of (Et )
as a linear combination of past (Xt ) [e.g. we have a time series of IK) andwant to know if we can back out (at) from it ] ; this is indeed not

always the oase !
To see this

,
weite the ARMAlp, 9) : an 1-Rt) in ¥ , 4- !

PUH ✗+ = c + ②(K) Et ⇒ Et
€
-01k)

- 'HK)Xtt OH
-k

and we see that 0-111-1-4111-1
, again by THM 1.2 , is a power series

in k iff all roots of 2-↳ 0-12-1 one outside the Unit circle !

In such a oase
, Et can be written as a Series over paste #-) ; we often stoppily

say
"

Et belong to Xt 's post
"

,
or more formally (Et) is fundamental to Ha ) .

If -01k) -
^

inudves negative powers of K (⇒ some roots of 2-Holz) inside unit Circle)
then this

' fundamentality ' doesn't obhrin ; if -01kt
' in rohes only negative powers

of K ,
we say (Et) belongs to the Future of 1×+1

'
.

(7
DEF 2.2 ( lnvertibility , fundamentality) . Contider dome ARMA (ng) . We all
the MA - polynoms

'at 01k) inverleibte if 2-Holz) has its roots outside the
unit circle .
On a related point, for a stock . process Mt)+ c-„

and some t EK , we olefine
ZH) := {ZHZEE" ai ist. ; ^ Eis.. a?<+ so } to be the Hilbert Space of Square suunabk
linear combination of the one- sided infinite history of the random variable yt .
We all a process # fundamental total if THEK , 721×4<-71 yt) .



Intuitively, Akt/EH lyt) mean that any random variable obtained from the
Past of it) can be obtained from the past of 1yd ; in particular E-(Ztlolyt)]
is known as . HZ

,
E Hlxt) !

3Moments of ARMA Ip , g)
> Given a particular ARMA (p, g)-Lott , we mag chasncterize the behavior of
its Solution (csually its stationany solution) by considning its moments
DKP 3.1 (Moments of a stochashc process) . Connider sonne stocherte
Process (Xt) . We denote

,
as und

,
E-✗+

,
if it enisb , as the expedition

of the random variable ✗
c- .

Support #C- 24 IP) . We olefine for HER

Tnt =#Kt -E) (K-n-E-xt.nl] ( from ulrich tot= VarHH ) .

if h<O we say
"

autocarand can it the auhrcovarianieofk-atbthc-K-vatuo.cl -h "
Ä = NÄ is the autocarrotation at by h .

Notice that the I , Äffin .

Now het Ht ) be weahly stationarg .
Proviant that Enten < +so , ne olefine

g×
: E→E : 2- ↳§>< Jn

. zh

and can it the autocova.name -generating Junction . gx 's restricted to
the Complex mit circle , and divided by 2- . . .

Sx : IR→ ¢ : w ↳ E- E.„ Jn expfiw - h)

is called the population spectrum of it) .

It Maybe used for frequency
domain analysis - but this is not done hee .

>Let's analyze there moments for a couple of processes
THM 3.2 (Moments of MAIN , q<+x) . Contider a Hd that satisfies Me
MAIN-LOM

-
note : % = 1 by Convention .

✗+
= c t HK) Et , E.

+
~ WN(0,52)

.

Then we have 1×+1<-22 IP) , # is weahly Stationany with

TEXT =c
,
and Hh 70

In = {
° for h > q

T2 -Ein QQ;-u for h C-{0,1 , . . . , q}



Prof : Since (G) ELYP) and by linewity ☒ (Xt) = c Yt . Now also for h> 0

E- ([✗c-- c] - [✗+ -n -it) = E-Äo0iEt-i-ÄEh]
= [

i.j!o QQ Et- i Et-h)

= Ein% ⑦9 EIEE.EE?-i)i-i=n+jg=o2Zi=oEj=o1t3i--h+j30-i0-j
= ☐

z
. ( O if h > 9 (⇒ i < htjv-i.IE {1, . . . . q})

[En Qi Fi-u if k€91. . . ., 9} .

THM 3.3 (Moments of Stable ARIP) /of MA (x) ) . Corsider a process Ht) Mit
Sati>fies the AR Ip) -Lott

Ik) ✗+ = c +Et , Et NWN (0,52)

when HK) is Stable (all chamcteristic roots smalkr than 1 in mochten , if above).
Then
, Taking the Canonical particular Solution , ✗+ = OH

_ "
c + 01k)-"Et )

Ii) Kr) is sktionary
Iii) ☒✗+ = 011)

- '
c = (1-$. - . . . - top )

-^
. c

Iiii) hzo , / heep
in mind : In = Jn Kk>0

g. =[
i! ith - i for h> 1

with E Hut <+•

52+2%1198; for h=D
HEI

Ii) note there are definedrecunive.ly- we can Compute Jo , K ,
. . .

, Jp- s
as :

(Jo
,
. . .

, Xp- s )
'

= { (Epa - A- ☒A)" vec (E)] ,:p = µ /Epa - E ☒A)
"],:p

* ¥!! - ÷!!!)
"

.
⇐ LEE:)

Prof : Firstly , notice that ✗+ = (1)"c + 01k)- ' Et Mists as an 22 - limit :

[ii.Yi Et. ; ?_?> 0/111-5^4 with Kilian defired in THM 1.2 .

Recall that the Space TTP) is a complete normal Vector Space - hence 0/111-1^4
c- 24H) and the expedition, romance and all corarianies a-ist ! For weak
Stationarity ,

we und just establish their time- independence, so Let's do that.



Since YTEK
,
the sequence (Zivilist . ;)

„„µ. Concierge in TTIP) to KH)
-'
Et ,

wer mag Computer fort c- D- arbitmry
using that for a random sequence lyn) : 9¥ Y

,
E- yn → Ey

E- \O/ (K )
-"

Et ) = Um €12 , Nice, _;] II. £703. #1)
n→a

now using lineonly of Et) & 4- ~WNIQTY
⇒ E- Ihk)-' Et ) = EILE Yi EKE.io/--- ° .

⇒ Ekt ) = 011) - 'c ft .

Now consider the variante of Xt .
Following the some strategy as above , compiler for nein

☒ (Rütli Et-i )) = E- ( [ER
, Hilf. Et -; Etj ] = E.§Milf. 021 { i

-
_j}

= G EIN?
(by
E>optik+✗

Henle
,
Vor ( 01K)-%-) = Ging, ok[ÄH? = 022%4? <+✗

"f.THM 12)

(
again : E- & Lim interchangeable by ZZ-Convergence

Finally , conni der for h> 0 and for nEIN
E- ( [ÄoYi E- - i ' [=\ YiEt -n- i ] = [i-osj-ok-Y.PK/i--h+j}

Ei>Mini-h = [izottitnrti

= 52 [ ! Vi-h law at 1- with 3- of moment:!!!!!:
"":*.

also)

⇒ ☒ ( KH)"Ei. . 01K)
-"

Et-h) = hin
„→•
→Äh Yi Yi-h =\

oh [
izhYi Min < + 0

(
again him&¢ in-hrchhyewbk.by¥ since E. Mit < +o , we also haue G.⇐Hjk+• i Proof : first, we show

In>☐Enzo HuntHakt✗ : pich NEIN , and then Zu ns.o/YuthHYkl--En=oHhl2nzotYy++nI---Eu--otYuRhzk Hhl
< Enzo Hut -ZÄHNE Enzo Hut .EE?lYulctXltmce(Zu--oEns.olYnthHYnl)u is

a sowohl , iniranj tot" -

I

this conergert; fuerthermo e , since the double series corweges, we can a pply Fubini-Torelli to deduce
In> • Enzo Hunt Hut <to.

The Main darin von Kokons by : [jez /HIE 22,-⇒ Hj )
← 252%70 Kilo Mit; Y; / Es. inepnoz §>o2 ;> • IV.+;

4;)

" "°"

We see
,
all first 2nd moments of IK) exist and one time -invariant - i.e. it

is sklionary ! This proves Ii) , and Iii) was shorn along the way.
Now as a way to computer K independence of the AR -parameters, connor
Iiii) .

Take the Lott lpnltiy µ= $11)-' c =E)

✗+
- µ

= & (Xt -s -µ) + . . .
+ Cfp (Xt -p

-

µ) t Et

and multiples with Hz-n -µ)
,
then take E- ; usiy stationarity of 1×+1 we

obtai"
jn = q.sn, + . . . + $

, Kip + 0211-{4--0}
which is the dnimedeyuahon . The question remains , since this equah

-

on is

rekursive
,
how to actually compute there Jn !

As with any (stable) recwrsion , the answer hier in findig initial conditions -
i.e. here in Computing No . . . . , Jp-s and then Simple fokomj the revision.
Liv) : the uhu to pnrve this point is to notice that the Lott is ey it to



✗
+
= c + #✗e-^ + . .

. + % X-P + 4-
⇒ g-+

= d- + 9-+→
+

p.) Et i( Xt-n = Xt- si

:

Xt -p = ✗x-p 9-+ = (Xt , . . . ,Xt - p )
"

,
d- = K

, Dpi )
"

, I as in prop.

This is a simple ARM in vector -form and we can reality compute
- E-9-

+
) = # ( 9-+. -E-9-+ ) tftp.i/Ec-l--lE-A)

"

d-

⇒ E, = A- E. . + g.
←
" " Prof

, E. , = # ±;
=!

'

TEEHY-t-n-EY-t.nl (It- E-¥) '] = Ei

⇒ E. = A-E. Ai +& ⇒ weilE.) = (A- ☒ E) vec Eo ) t red? )

⇒ vec (E.) = (Ep - A- ☒A)
"

reckt

Finchley , the chain Jollows from notting
j. K - -

- %"
and Th = Kh 'Eo = EHE -E) ( It - €It) '] = % ! : %

-p V2-p - - . %

> this conindes the initial analysis of ARMA . s [ if you ask yourself
how to Compute the AC . s of an ARMA Ip,q) , it is stmightforward to follow
the above steps , mutätis unter ndis , pronihd the AR -pdynoinial is stable . ]

>One last point : we could ask what to do about MA /AR /ARMA - Lott - s
with austobte /non- invalide pdynooniuls
(The clue here is that by THM 1.2, a stationany solution always oxists
(we just might have to iieruh forward )l
From this Stationany solution, we can define a me while noize sequence
that , together with the stationany Solution Salif

-

es an anciHary Lott that is
Stable, resp . inuertibk !

L (f
.

Hamilton , seit . 3.7 lp.kof.in PDF) for MAN
Lcf

.

£806
, Assijnment 2 , Q2 for ARM ) :



General
y , for ARIP )

with an unstubk
root d; :

Titi (1-d; K) . (1-d ; IL) ✗+ =
~WN /^^

⇒ II.⇐ 4-djk) . 11-di
"

K) ✗+ =HÄKKINEN✓
can show this isStable It- pdyn .

white moise !
I in fait we ulready did left !)
~ WNIO,dir)

For MA (g) with unstnble root }i :
✗+ =µ+Tj# (1-3,11) - U-3.A)Et

= µ + EEYY-HEI-f.tt?i-'kYH-3ik)4-~wNl0B?rY
4 Wold 's decomposition theorem
> We have teen at the end of the last section that even austobte 20M- s

(which way give the impression of produuiy only non-stationarg processes) can be
soweit for shilionary processes and those can be show to soWe Stable ↳Ms

,
ie .

have a stable representation
>Herman Wohl was among the first to notice just how powerful this idea
was - his Jansons theorem asserts that any weahtysktior.my process can
be written as the sum of a deturminishc sequence lej . a sine-ware or
a mean ,etc .) and an MA (g) - process (q c- Nov{+ so}) :

THM 4.1 (Wold's decomposition) . het Ht) be a weekly stationany process .

Then
,
3- (bi) ;c- c- IR

"" Konventionally b. = 1)
, (4)+£2 Epik and (Et)- WN/0,02 )

sth
.
Ft c-K

Xt =[jzobj Et-j + % , a.S .

with Ej>• bi<+• .

>Wold 's theorem underpins the attackieren of (stable& iwertibk)
ARMA - models : they can Jit about any w. Stat. y process !!

( Empirieally , suppose Ht ) 's Wold repr. hasabs.ysummabkcoeff.SE
,>olbjktr - then, Ht ) can be represented as an ARIa) and esti-

unterdas an AR Ip) with psnffy lange
⇒ ARMA 's one anpiricalty extoemely ureful .



5 Empiricus AnalysisI :-[stimationo
Model Diagnostics

> Then are a uumber of ways to estimate an ARMA 1pm ) - model - in this
Selim we will work our way towards one populaer such way ;
after that, we'll took at a number of empirieat procedures, including
format tests , to deüde which model (interims ftp.q ) ) to Jit to a given
time series & whether at all a given Model is a good fit in terni of
residual antrcorrelahon .

Itf the tnu DGP was indead ARMA Ip,g) , the regression
residual should be approxy normal

> First
,
Let's Key the grandwork & present the fundamental assumption : (ßyzo)

For a given Sample of data { Sitte !;⇒÷ü÷÷:} ,
we MY make

the following assumption ( hleded for AR -part. By convention , if pur,
this is just onrptby and t c- {1, .. . . T} .

IAO) Ii) (Yt) is an ARMA-process , ie .

⇒ Mt) etists as
MAH) and

$ IN Yt = ( t 0-111-14
, yt ~ WN (0,02)

,
an) is w- Stationary

Iii) lol . ) is Stable
, and

„ a , „ „„„we , an,
in practice, Jorunivaiuh analysis

lief dt ) and Of) have no Commons Roots, ie .} this coin . roots problem is easy to
debüt

, fhinp took a tof like classical

☒ b) s.ph
.

= b. 0 n ① = b. 0 .

multicodinean.ly !

( This assumption can be Thought of like a no.mu/ticollinearitynnmptionincross-sectionalregression : were there common
roots

,
then the ARMA Ip,g) (y) would be non- identifier

since there would be an AAMA -Lott of Strictly tower ordne
also represohh-n.ly) that we would obtainbycancel.iq bi)
on both nicht . )

Thw assumptions we shall maintain throughout the eutin analysis .

Wer mag also anund
-

cf
.
also DEF 1.1 !

(AI) On the innovations
,

we many make one or more of the following
Assumption> (in addition to IAO) . (i ) ) :

a) (Ut) is Str. Stationary & ergodie, in HH, and a MDS Iie . E- tut tut-7=0)
with Elm? tut-1=8 Ht

(conditional homoshedasticitg

b) (Ut) Äh 10, r) ,
or

c) (Ut) Ü V10.8) ( ie . [ ( Imi) = V10, 8)
☒°) .



Notice that c) ⇒ b) ⇒ a)
,
but not in reverse .

>Let's now t.alhaboutntimat.im , storting with the simphst cage.
ARIP) by 025

> Corridor the above sample & process under IAO) but with 9=0 :

Yt = Ct # It-s t. . . + Pp Yt.pt Ut
= It

'

ß tut
,
Ei = 11 , Yt - n , . . . . Yt - p ) , ß = (c. oh, . . _

, top)
'

.

the naive OLS - procedure suyyests to estimate

Ä = ( FEE . E-Ii ) (⇒E. E- Yt ) .

Indeed
, grantig (Ao) & 1AM . a)

,
this estiinator is consistrnt &

asy . normal : Note : Hr Avw IÄ ) can be
Shower to not depend onff↳ ß as 1-→ 0 oz { since it's present in K ,

it will canal out ]
'⇐* = !

. ."""

Irena :# EH
"

.EE:?)TT ( - f) d- (O
,
O2 E /E-☒[

' )
- ^) as 1-→ ✗ um:*: :* . "

⇒⇐*ii. =
"
=

-"

¥:)
1 µ µ _

. _ µ

µ Totµ
'
f.+µ? _ . . Jp., tu

⇒ Hart E) = • ¥!
→ ↳ summe,

WIR €/¥# | =
" """ " ""

.

- - .
Kitai

: : : .

.

:

" Trini Kim . . . g. +µ
,

I

with µ = E-Yt = (s)-1C
.

Proof : Since asq . normy with Zero meins imp hier f- ß = Op IT-"2)
= 0PM) , we only med to show the 2nd reicht

. First
,

Ä -f = ( 7-2- ±#i )
- "

( f-[+☒tut) (by und 02s - algebra .)

wow
, 7- E- E.¥' has typic.at elements

1 > 1
, f- 4- Yt-k

P
> E- (Yt - h ) =µ by IAO) & LLN for iv. Stat. y

processes , and

7-E-YtYt - u
P
' EIYTYT-a) = tu +µ

'

by either IAO) & LLN for

w- Stat. y processes I have to show Hey,-a) i, w. stnty in LYP) which night
not be possible cf . Hanni tou , ch .] for UN on 2"" moments)

,
or more Simple by (A) & 1AM -a) & ergodie thm . (or can me UN for

⇒ F-2-E-¥ ' ± EIKE
') by element - wie convergence . (

""""Jde)
is nice since you

don't
had Stationonly but justNow Contider TT (¥4 E- Ut ) . We have : uniform intygor appre
processes

- € / III. Ueli) < +- for r>2



- FEE / ItIi Ui) = ELITE ' )oz by UE & IAO)

- 74 E-Ein?
°

> EK-tE.in?)--ElK.x-i)TbyErgodicthm &
IAO) + 1AM

.a)

and Jinally , ja filtration to which 4)& Mt) an adaptd
Ut

☒ ( ☒tut / Ft) = € Yt -nut j. +
= Q

:
Yt-p Ut

by EIYt.nu/Ft)--E(Yc-uEHEIlFt)--0.L--ElElUtI5-t-slIFt-
n ] = 0

establisbes the MDS -proputy .

ltowerpropesty
The Standard MDS -LLT leg . MS

"Asymptotics for stoch . processes
"

,
THM

5.3) implias

TT 72.*.lk d
> MO'

*×;)
(
by ☒ (nit yt

-^ ) & LIE .
L =Hut- ^) by yt MAIN in Ut

>Now as we'll see skortly , we can also estimatr an ARMAIP.at by a
2- step as procedure ;
before , we took at the Classical

ARMAIP, q ) by Maximal Likelihood & Quasi-Maximum Likelihood

> ML is a classical estimatior approach & quickly etpbrined; Support we
Knew the distribution of 19<-1 up To the parameters 011. ) , 0-1 .)

,

52
.

Then , the likelihood could be Hen as

& ( {Yt }t c- { 1- p , . . .

.
0,1 , . . .

,
T} § , § , 02) .

Again , if F-0 , we put TEM . . . ;}.

For doing MLE, a Central step is to factovize the Likelihood using
Bayes ' Can :

J ( {Yt}+ c- { 1- p , . . .

.
0,1 , . . .

,
T} §

,
E
,
02)

= J (Yo , . . _ , Y,_ p § , Q , v2 )

• Ä J (Yt Yt- s . . . . . Yo , . . _ , Y,_ p ; ¢ , E , 8)
1- =1

or in toys :



E802—PS4 & KF on ARMA(1,1)

LI {ist} / &
, E. f) = lojf ( Yo , . . - in.pl E.Er) +

T

hoffte yt
"

; & .9,8)
TIEFLÖFFEL )

likelihood
In the Conditionat term

,
Condition ing on yt

- ^

already fixes the valnes yt .. . . .,
Yt -p , that appear in

Yt = Ct Yt -s t . .

.to/pYt-ptUttO-nUt-nt...t-0qUt-gjNowprovided
we know Glut) )

, pinniy down Jlytlyt
"

; 01,9oz ) from this eyn .
is feasibk a much more comenicht approach in practice , that however skjhtly
deviwtes from the above 'True ' conditional MLE

,
is to condition also on the

initial vahles of Mt ) , Uo
.
. . - , Us- g

:

Using Conditions
y
on no

,
. ...
u
,_ g ,

we can recursively computer the implied Ut
llxactfy : given Yo, .. . . In-p , Uo, .. -Ms- of I innovation in ¥1 implied by initial Values Yo , . . -ihr , "" -→

"""

we get : Un= Ü! := Y , - ✗ + $.Yot . . . + top Yap + Quo + ...+ -0,4-g) altactty !

Then
,
can indudively compute a "pseudo - obserued ' Sample Mittags

.
. . .;} !

And using this :
-density of 9+15? . . , e.y.gr/c+...,r

? ) (
density of 4- , ey. Mary

91419
"
.
Ü ; d.E.) = glu:( Yt! Ü ; d.E.A)

Of Course
, Uo

,
... , Us-a are not known typicatty , they are assumed to

be all Zero . Notice that, by following the recursion for 4- , the effect of
the initial uo, ... , Un-y on

current Ut will fade to Zero , provider 0-1) is
invwtible ; Kurs , for ML- estim . of &

,
E ,N using the beton Conditionat

approach requins invertibility of 01) in oraler to work well !

> Typicuky , two types of estinrators are intercity :

Conditionat ML :
= if 9--0

199 Sz)
t -→ Uff / y, yt; „

[
= " "" -" "s-q )

(i , §
,
E.8)

one
: = argmax

T

; -4, I. 5)
T

this part deiates from the
'actnut '

Uhconditionut ML : conditionat conditionat LH

Ii
,
§ , E.E) „me : = argmax Ll {*} / &

.Er) :*.

19,952)

How compute Hill likelihood ? This can be done by Kalmar -
filter , since ARMA - Lott has a state-space representation
LCF

. Dyn Mo , I.2 for intro to KF
Lcf . street for the KF- formular) on a ARMA III)

.

For 9--0, can just use the deconnposition at top of page , exploring
that
[ (j) = NIµ ,K ) when µ= ¢417 , K can be compntrd

using methods of sect. 3 .



> In most , applications , [MIE is favored - this is essentiatty for two
reasons :

(Num) CMLE night be a tot easier to Compute , pvhntially even
alleinig closed forms ;
Ej . when (1-0)+11-1) . c) holdes

,
Sr that ft . ) is Gaunian

,

we have

[ (Yt / Yt
- ^

,
ü ) = Nfc + chyt.at . . .to/pYt-ptQUi.n+...+0-gui--g , 8)

when UE; is the fixed value obtained by computing recursivdg
the innovation, imp lied by the initial Votum Yo, . . _ , Ynp , Yo , _ . -, Un-q .

(
Ut?; is a non linear function of c, 4.E , so that still we med to
appby numerical optimization
But : this additional - condition-y approach is still Un comp - y

heavy than computing the full Likelihood L

(Cons) When the likelihood is Misspecified { Usually IHN anumed Gannon
,

but is not really Gaunion ] , both approaches one actnalhy IM LE

(quasi - MLE) .
QMLE might still be consishnt & asy . normal (cf . £703 , I.12 : QMLE is a

Special M- estivnator ; (f . also C-803 I.4.1 : QMLE mimimizu asyy the
Kuhbach - leider - divergence of the 4.Er)- pmnmehrized missspec . distribution
to the true distribution) .
A very simple Special can is 9=0 , ie . for the ARIPI . Then ,
CMLE ( even the exact one , since there are no MA - tennis ) yictds just
OLS :

1T

hoffe /Yt Yt
-^

; & , 9,02) = [E. , leg yzjg.es/p-lYt-c-E-itjYt-i )
'

1-=. 28

= stuft -zü¥←SSR !

and is thus consistent & asy. normal under IAO)& (AI) . a)
,

ie . even if 21141 ) =/ JV !

Other procedure s on ARMA (Pif) : 2-step 025,3-step -MLE , Tule -Walker

> In any (linear) Content , OLS &MLE are always the first two go.to -options
for estimation;
for ARMA -models

,
there are a wucnber of other approaches as well for

estimatior; here we just briifly Cook at each one

2-step OLS -eshinalion for ARMA Ip, g) .

Counter a Sample from an ARMAIP, 4) sah-sfyiy (A)& 1AM .
a)

Dufour & Jouini 12005) suygest the following algorithms :



43 run ARK) - regression on sample , with h lange (so that residents are

approxy WN ; recall : if 0-1
.) is invutibk

,
ARMAIP, g) can be represehted

as AR Irs ) !) via OLS
,
& obtain residual Üt

(2) estimate ARMA lßy) on {Yt, Üt} in 02s
,

and they show that the Ii
,
§
,
E) so - obkined one Contisteht and my.

normal at rats T
- "" (stoner convergence ) , pro vided 9=0 IT") .

3-Step - MLE .

Proposedby Dufour& Pelletier 12015) :

(1] - [2] as above
,
/

OCSSR

Es] use E. E. Ä ,F) as input to iterative Optimization in CMLE (of. above),
e.g. Newton- Raphson , and perfonn 1 iteration .

Yule -Walker estimatrs
.

This estimatorestimat.es the awtocorrdahons & then bachs out the parameters
from the Yale -Walker -equations ;
this is essential/y a simple MM - eshirntot for ARIP) :
the Tule -Walker eyus real

E- Yt- u -µ ) (Yt -µ -F. itjtstj -µ) )] = O the {0, . . - , P}
⇒ ¥" = II - " Ip

, i

and the approad can be extended to ARMA (pm ) - hauer there the YWE - s

are vonlinear , briyiy its own issues
.

One can show
, for A Rtp) (AMMAN .

a)
,
XW

,
025 (and CMLE) am

asymptolicully equivalurt .

Model selection & check iug /diagnostics
> When altomphi, to analgze a given time series { 9<-3 , ne typioally don't
know Ip,q) [we don't even know whether (yt) advent an ARMA - representation,
but in Light of the Wold - decomp tion themen

,
we tun a blind eye.in

this issue and unum then exist ordens (p, a) Sith . 1yd has an ARMAHD -

representation ] , so we have to Select them some how.

>A traditional approach to this , called
"Box-Jenkins -selection-approach

"

cornish of a visual analysis of the Automation (AC) and partial
antrcorrelation (PAH of the given sample :



5.UTSAV:Box-Jenbis ll siehom

I we hmea skbmanpocen (uhikwe nud t dam
datn) denthe uesto hnihmrodlel ShonbdinR

H tums outThatnonsakomah ol
Canbein

pcem and uor Ai spuiti
aisr

orredakons

(Parhal) antocortelhon(d -pnchon

bihanSlationury Prcen

hnloolat Sarm

Cea

:=El( a(YeA)=Ca(Ye,Ja) a t'Sth demu
autcoVanoniC(thi imdiesK= Var(*)

K shdpa potelatumobhm d th
sjL tia miehadmt( de



> We Can compute

je. from its MA(o)-reparentation

therefor [bot nd only For Hrs !)

> Also
(obtained fron

From 19313

condition i called ive,.-.

porn witers 4's

it 5.43 is

/. =
tes

in

0 S are

Ve can

Yule- Wither -equatins

Ve

The tale Expecfw hons to get (retall ElE: 981=0 for tos !



and solve fpr

and

by compunn

we car fin Tr nott appropenati
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>Amon rigoros approach , based on testing : Select

( p*, 9
* ) E arginin Clp , q )

Riot {0, . . . , Pm }✗ {0, . . , 9m}

when I Ip , g) = Loy ( f- SSR Ira) ) + (ptq ) .
↳

always un
T minimal lag

[
for Presample
so as to not give
unfair advartye !and SSRIP , a) = F-[E. ÜÄ qq.iduahgARMAIP.gl , urig presampk {Pm""- ' 0}

and we define three criteria :
AK : l with 4=2

HQ : I with G- = 2 loglloglt) )
SC ( or -BIC) : l with G- = UGT .

A consistewt oder selection is juamnud if
Ii ) G- s a for 1-→ a

Iii) G- IT > 0 for 1-→ A

which is true for HQ & SC
.
( AK asy . orerestimühs the time oraler

nilh positive probability . )

An algebraic fait is

P!"? PIA Z PDF,
"

7 for T28

> Once we have lstimakd an ARMA lp.gl , we do several
Model diagnostic checks ( to make gerne we didn't fuck up somewhere . . . ) :

1) (hecking the
"

Whitenen
"

of residualen {Üt}
.

• In formal analysis
( graph residual - should roughly took like white wise with const

.

Variante
(
Compute automation of {üt } & check for in-sijnificm.ae

• conduct tests : Portmanteau . .

or (modiFed PM , ie) Ljung - Box :



or Lagrange-Multipler :

Descriptions in MTSA Iie . for VAR- one ) are more through :



2) Testing residents for Normalily ( Nadal for foecast-iwtwuah.it .
be low

• Jaque - Bern - test :

3) Testing for Structural breath
• Split-sample- test / Breah-point - test, or
Chow - test :

①

②

③


